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IMPLICIT/INVERSE FUNCTION THEOREMS FOR FREE 
NONCOMMUTATIVE FUNCTIONS 

GULNARA ABDUVALIEVA AND DMITRY S. KALIUZHNYI-VERBOVETSKYI 


Abstract. We prove an implicit function theorem and an inverse function 
theorem for free noncommutative functions over operator spaces and on the 
set of nilpotent matrices. We apply these results to study dependence of the 
solution of the initial value problem for ODEs in noncommutative spaces on 
the initial data and to extremal problems with noncommutative constraints. 


1. Introduction and Statements of the Results 


1.1. Free NC functions. A free noncommutative (nc) function is a mapping de¬ 
fined on the set of matrices of all sizes which respects direct sums and similarities, 
or equivalently, respects intertwinings. Examples include but are not limited to nc 
polynomials, power series, and matrix-valued rational expressions. The theory of 
free nc functions was first introduced in the articles of Joseph L. Taylor [^[21]. It 
was further developed by D.-V. Voiculescu [ISJUn] for the needs of free probability. 
Various aspects of nc functional have been studied by Helton [3, Helton, Klep, and 
McCullough [8l|9], Helton and McCullough [10], Helton and Putinar Popescu 
pOl [H] , Muhly and Solel [H] , Agler and McCarthy [2113] , Agler and Young [3] , the 
second author and Vinnikov [T^ 1 14] . and others. 

In the book of the second author and Victor Vinnikov m, the theory has been 
put on a systematic foundation. The nc difference-differential calculus has been 
developed for studying various questions of nc analysis; in particular, the classical 
(commutative) theory of analytic functions was extended to a nc setting. It has 
been established that very mild assumptions of local boundedness of nc functions 
imply analyticity. 

We provide the reader with some basic definitions from m- Let 7^ be a unital 
commutative ring. For a module A4 over TZ, we define the nc space over A4, 

OO 

( 1 . 1 ) Mnc-=Y[M^^^. 

n—1 


A subset H C Mnc is called a nc set if it is closed under direct sums; that is, 
denoting = fl n we have 


( 1 . 2 ) 


V G G ^ A©V 


V 0 
0 Y 


G fl 


n+m • 
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^^^Here and in the rest of the paper we will omit the word “free” for short. 


1 





2 


G. ABDUVALIEVA AND D.S. KALIUZHNYI-VERBOVETSKYI 


Matrices over TZ act from the right and from the left on matrices over Ad by 
the standard rules of matrix multiplication: if T G and S G , then for 

X g we have 

TX G XS G 

In the special case where M = TZ‘^, we identify matrices over M with d-tuples 
of matrices over TZ : 

^J^dyxq ^ ^-J^pxq^d 

Under this identification, for d-tuples X = {Xi,...,Xd) G (JZ^^'^)‘^ and Y = 
(Yi,..., Yd) G {TZ^^^)‘^, their direct sum has the form 


X®Y = 




Xi 0 Xd 0 

0 Yi J ’■■■’[ 0 Yd 

and for a d-tuple X = (ATi,..., Xd) G (TZp^p)'^ and matrices T G TZ^^p, S G 

TX = {TXi ,..., TXd) G {TZ^^P)^^, XS = {X^S ,..., XdS) G 

that is, T and S act on d-tuples of matrices componentwise. 

Let Ad and M be modules over 7?., and let 17 C Adnc be a nc set. A mapping 

f : n ^ A/lic 

with the property that /(f7„) C A/”"^", n = 1,2,..., is called a nc function if / 
satishes the following two conditions: 

(1.3) / respects direct sums: f{X © Y) = f{X) © f{Y), X,Y G 17; 

(1.4) / respects similarities: if AT G 17„ and S G 7?."^” is invertible 

with SXS-^ G 17„, then f{SXS-^) = Sf{X)S-\ 
or, equivalently, satisfies the single condition: 

(1.5) / respects intertwinings : if A" G 17„, Y G 17m, and T G 7^”^™ 

are such that XT = TY, then fiX)T = Tf{Y). 

We will say that a nc set H C Adnc is right admissible if for all AT G 17^, Y G 17m, 
and all Z G Ad”^"* there exists an invertible r gTZ such that 

a: rZ 


0 Y 


G 17, 


n+m* 


Next we dehne the right nc difference-differential operator A/j. Let a nc set 17 be 
right admissible, and let / be a nc function on 17, then for every AT G 17„, Y G 17m, 
and Z G Ad"^"*, and for an invertible r G TZ such that ’’y ] G 17„+m we define 
first Aiif{X,Y){rZ) as the (1, 2) block of the matrix / (["^ ’'y ]), and then 

(1.6) AnfiX, Y){Z) = r-^Anf{X, Y)(rZ). 

By [131 Proposition 2.2], Afif(X,Y)(Z) is well defined. By [T31 Propositions 2.4, 
2.6], Ai{/(X, Y)(-): Ad”''™ ^ j^nxm jg capping. 

Analogously, one can define the left nc difference-differential operator A^ via 
evaluations of nc functions on block lower triangular matrices. For our purposes, 
it suffices to consider only the “right” version of the theory. 

By [131 Theorem 2.11], if /: 17 —Alnc is a nc function on a right admissible nc 
set 17, then for all n, m G N, arbitrary X G 17„, Y G 17m, and S G we have 

(1.7) Sf{X) - f{Y)S = AnfiX, Y)(AX - YS). 
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In particular m Theorem 2.10]), if m = n, S = In, then 

(1-8) f{X)-fiY)^Anf{X,Y){X-Y). 

Thus An plays the role of a nc finite difference operator of the first order. 

When 7^ is a field, and for n = 1,2,... are topological vector 

spaces, and / is continuous, we have that A}if{Y, Y) is the differential of / at Y. 

By [131 Propositions 2.15, 2.17, 3.2], Aiif{X,Y){-) as a function of X and Y 
respects direct sums and similarities, or equivalently, respects intertwinings. That 
is, if / : n —A/’nc is a nc function on a right admissible nc set 17 C Ainc, then 


(1.9) 


AnfiX' ®X'',Y' (BY") 


Z'^' Z’’" ]\ 

z"'’ z"'" \J 

AnfiX', Y'){Z'-') AnfiX', Y")(Z'^") 
AnfiX", Y'){Z"^') AnfiX", Y"){Z" ") 


for n', m' € N, n", m" G Z+, X' G fi„', X" G 0„//, Y' G 17„', Y" G Iln", 
^ )x(m+m with block entries of appropriate sizes, and if 

either n" or m" is 0, then the corresponding block entries are void; 


(1.10) Anf{TXT-\SYS-^){TZS-^) = TAnfiX, Y){Z)S-^ 


for n, m G N, X G n„, Y G nm, Z G Ad”^™, and invertible T G S G 

such that TXT~^ G Hn, SXS~^ G 17™; or equivalently, 

(1.11) TX = XT, YS = SY ^ TAnfiX, Y){Z)S = AnfiX, Y){TZS) 

for n, h, m, rh G N, X G 17„, X G 17^, Y G flm, X G 17™, Z G Ad”^"*, and 
T G 77.”^", S G TZA-xm^ Thus, for a nc function /: 17 ^ A/’nc where 17 C Adnc, 
Anf{X,Y){-) is a function of two arguments X and Y (for all n, m G N) with 
values linear mappings AV^xm j^nxm respects direct sums and similarities. 

For Ado, Adi, A/"o, A/"i modules over a unital commutative ring TZ, and 17° C 
■Ado,nc, 17^ C Adi^nc nc sets, we define a nc function of order 1 to be a function on 
17° X 17^ so that for X^ G 17°^^ and X^ G 17)^^^, 

is a linear mapping, and that / respects direct sums and similarities in each argu¬ 
ment. This class of nc functions of order 1 is denoted by T^(17(°\ 17PPA/’o,nc,7\/’i,nc) ■ 
We also denote by T^(17; A/’nc) the class of nc functions (of order 0) /: 17 —> A/’nc- 
It turns out that for / G 7^(17;A/’nc), one has Anf G T^(17,17;A/’nc, A^nc)- 

More generally, one can define nc functions of order k. Let Ado, ■ ■., Adfc, Ao, 
..., A4 be modules over a unital commutative ring TZ. Let 17° C Ado,nc, ■ ■ ■, 17^ C 
Aik,nc be nc sets. A nc function of order fc is a function of fc + 1 arguments on 
17° X • • • X 17'= so that for A° G 17°^, ..., A'= G 17*^, 

/(X°,...,A'=): A/’”“'^”^ X ••• X 

is a fc-linear mapping, and that / respects direct sums and similarities in each 
argument in a way similar to (11.91) - (11.111) . This class of nc functions of order k is 
denoted as T'=(17(°),..., 17('=/; A/'o,nc, • ■ ■ ,Afe,nc)- 

One extends An to an operator from T'= to for all k. Similarly to the case 

fc = 0, it is done by evaluating a nc function of order fc(> 0) on a (/c + l)-tuple 
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of square matrices with one of the arguments block upper triangular. We have 
therefore 

^ . . . riW, ATo.nc, . . . A4.nc,Mfe.nc), 

for k = 0,1,.... Iterating this operator i times, we obtain the i-ih order nc 
difference-differential operator 


^ . . . flW, flW, . . . , flW; Wo,nc, . . . A4,nc,Mfe,nc, • ■ • ,Xfe.nc), 


£ times 


£ times 


for fc = 0,1, _According to the definition, A^/ is calculated iteratively by eval¬ 

uating nc functions of increasing orders on 2 x 2 block upper triangular matrices at 
each step. It turns out [H Theorems 3.11, 3.12] that A^/ can also be calculated 
in a single step by evaluating / on (£ -|- 1) x (.^ -|-1) block upper bidiagonal matrices. 
If / : n ^ Afnc is a nc function (of order 0), where 11 C Al„c is a right admissible 
nc set, and if A°,..., € ft, then 



/ 

-1 

O 

N 

o 

... o' 

\ 

Ay(X°,...,X^)(Z\...,Z^) := / 


... o 

z^ 



1 

_ 0 . 

0 A^ _ 

/ 


extends to a £-linear mapping in ,..., . 

The following theorem m Theorem 4.1]) derives an nc analogue of the Taylor 
formula, which is called the Taylor-Taylor (TT) formula after Brook Taylor and 
Joseph L. Taylor. 

Theorem 1.1 (The Taylor-Taylor Formula). Let f € 7~°(11; A/kc) with Lt C Ainc 
a right admissible nc set, n G N, and Y G Then for each A S N, and X G 


N 

(1.12) f{X) = A'r/ {Y,...,Y){X-Y),...,{X-Y) 

£-\-l times £ times 

+ A^+1/ (r,..., r. A) (A - r),..., (A - y). 

V X Y X 

N-\-l times AT+l times 

1.2. The setting of operator spaces. Next we give the definition of an operator 
space; see [5], [TH], [H], and [22] • Let F be a field, F = C or F = R. A vector space 
W over F is called an operator space if a sequence of Banach-space norms jj • ]]„ on 
yynxn, ^ _ 1^2,, is defined so that the following two conditions hold: 

1. For every n,m S N, A S and Y G 

(1.13) ||A © y|U+™ = max{||A|U, ||y|U}; 

2. For every n e N, A G and 5, T G F"^", 

||^AT||„< ll^ll ||A|U||T||, 
where || • || denotes the (2, 2) operator norm on 
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Let W be an operator space. For Y € and r > 0, define a nc ball centered 

at Y of radius r as 


OO OO 

i?„c(F,r) := = H {x & 






< r 


}> 


m—1 m—1 

where := 0™ Y = I^i^iY. Clearly, nc balls are nc sets. By [131 Proposition 
7.12], the nc balls form a basis for a topology on Wnc- This topology is called the 
uniformly-open topology. Open sets in the uniformly-open topology on Wnc are 
called uniformly open. Notice that uniformly open nc sets are right admissible. 

Let V,W be operator spaces, and let O C Vnc be a uniformly open nc set. A 
nc function /: O —> Wnc is called uniformly locally bounded if for any s S N and 
Y g there exists r > 0 such that B^c(X, t) C O and / is bounded on B^c(X, r), 
i.e., there is M > 0 such that ||/(A)||g^ < M for all m G N and X G Bric(Y,r)sm- 
A nc function /: O —>■ Wnc is called uniformly analytic if / is uniformly locally 
bounded and Gateaux (G-)differentiable. A nc function / : O ^ Wnc is called G- 
differentiable if for every n G N the function /|n„ is G-differentiable, i.e., for every 
A G On and Z G the G-derivative of / at A in the direction Z, 


Sf{X){Z) = hm + /W = + tZ) 


t=o 


exists. We note that Sf{X){Z) = Afl/(A, A)(Z), see [131 Theorem 7.2]. Theorem 
o below m Corollary 7.26]) states that a uniformly locally bounded nc function 
is uniformly analytic, and its TT series converges uniformly and absolutely on 
uniformly open nc balls. 

We will use the following notations. By we denote the multiplication of 
matrices over the tensor algebra 


T(AP 




e=o 


where Ad is a module over a unital commutative ring TZ. That is, if 


A G [(Ad'‘^")®Y 
then we have 


^ Ad 


s nxs m 


and Y G ^ xis-ruxs-p^ 


(a 0, Y^^ =J2x^kZ)YkJ G 


k=l 


SO that 


A0,r G 




nxp 1 +.^ {Ir 

~ J\^s ^ nxs ^ p 


We will identify multilinear forms g: —>■ with linear mappings 

g: A/'®''®, and write (Z^ ©^ • • • ©« Z^g := g(ZY .. .,Z^). We then 

extend g to matrices A over T(Ad®^®) by defining g{A)ij = g{Aij) so that 

g' _). ^ j^smxsm 

In particular, the terms in the TT series centered at F € are written as 

(a - F(™))(F,..., F) = Xy{Y, ..., F) (a - F("^), ..., A - F^), 

£-\-l times £-\-l times „ ,. 

t times 

where A G Ad®"*^®™; see [131 Chapter 4] for details. 
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Theorem 1.2. [131 Corollary 7.26] Let a nc function /: fl —>• Wnc be uniformly 
locally bounded. Let s G N, T S fls, and let 

5 := sup{r >0: / is bounded on Bnc(Y,r)}. 


Then 

fix) = ^ KfiY ,..., r)_ 

^+1 times 

holds, with the TT series convergent absolutely and uniformly on every nc ball 
Bnc{Y,r) with r < 5. Moreover, 


OO 




£+1 times 


< (X). 

sm 


Let V and W be operator spaces. For an operator A: V —>■ W we set = 
id„ ® A, where idn : F”^" —>■ is the identity operator, i.e., id„Ar = X, so that 
A(") can be identified with an operator from to as follows 


A(")(A) 


^3 


A(A„). 


We say that A is completely bounded if || A^") || < C for all n G N, and a constant 
C is independent of n. 

The space of completely bounded operators A from V to W is denoted by 
>Ccb(V, W), where the norm of A is given by || = sup^g^ ||A(")||. 

Our main results in the setting of operator spaces are the following two theorems. 


Theorem 1.3 (Implicit nc function theorem). Let X,y, and Z be operator spaces 
over the field F, F = C or F = R, and LI a uniformly open nc set in {X x 3^)nc- Let 
s G N and {X°, Y°) G Llg. Let F: LI ^ Z^c be a nc function satisfying the following 
conditions: 

1 . F(A0,y°) = 0. 

2. F is continuous at with respect to the uniformly-open topologies 

on (X X j;) 

nc and Zyic • 

3. 

S'^FiX°,Y°) G 

is invertible and 

S^FiX°,Y°)-^ G 


Then: 


where 


5^ FiX° ,Y^)iZ) = lim 


F{X^, Y° + tZ) - FiX°, yO) 
t 


I. There exist a, /3 > 0 such that for every m G N, 

X c Lts^. 

II. There exists a nc function f: i?nc(Y°,a) —>• B^dY^,/!), such that 
(a) For iX,Y) G B{X^'^'^\a) x BiY^^'^fjd), 


F{X, y) = 0 if and only if y = f{X). 
(b) f is uniformly analytic on Bnc{X'^,a). 
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III. For every X € Bnc{X^,a), the operator F{X, f{X)) has a completely 
bounded inverse, and 

6f(X) = -(6^F{X,fiX))y"s^F{XJiX)), 

where 


5^F{X,Y){Z) = \im 


F{X + tZ,Y) - F{X,Y) 
t 


Theorem 1.4 (Inverse nc function theorem). Let X and y be operator spaces, and 
a uniformly open nc set in (Vnc- Let s G N and Y^ G LtJ. Let g: —>■ X^c be 

a nc function satisfying the following conditions: 

1. g is uniformly analytic on , 

2. Sg{Y°) is invertible and G 

Then there exist a uniformly open nc neighborhood A o/T^ in “Tid a uniformly 
open nc neighborhood F of X^ = g(Y^) in X^c such that 

1. The mapping g\A- A —>■ F is a homeomorphism. 

11. The mapping /: F —>■ A, the inverse of g, is a uniformly analytic nc func¬ 
tion, and df{X) = (^Sg{f{X))^ for every A G F. 

We note that in the case where each of the matrices A° and Y^ are multiple 
copies of a single matrix, i.e., A° = xi^'^ and = y}:^'^ for some A G N, using the 
methods from [T] one can extend the underlying nc functions F and g in Theorems 
ll.dl and lOl to nc functions F and g defined on some neighborhood of {X^,,Y^.) (resp., 
of Y*), even in the case where the domain lls/vr (resp., is empty, together 

with the assumptions of the theorems. Then the conclusions of Theorems 11.31 and 
11.41 can be extended accordingly. We leave the details to the reader. 


1.3. The setting of nilpotent matrices. Let A4 be a module over a unital 
commutative ring TZ. For n, /c G N, we denote by Nilp(A4;n, k) the set of n x n 
matrices X over A4 which are nilpotent of rank at most k, i.e., = 0 for all 

£ > K. Here 0 = ©i. The set of all nilpotent n x n matrices over Ai is denoted by 
Nilp(A4; n) = U^i Nilp(A4; n, k), and the set of all nilpotent matrices over M is 
denoted by Nilp(A4) = Nilp(A4; n). 

For Y G we denote by Nilp(A4, Y; sm, k) the set of matrices A G 

j^smxsm riilpotent about Y of rank at most k, i.e., (A — Y*^™) j = 0 for 

all £ > K, where s, m, and k G N. In other words, A G Nilp(A4, Y; sm, k) means 
that X — Y^'^1 G Nilp(A4®^®; m, k). Clearly, Nilp(A4;n, k) = Nilp(A4, 0; n, k). We 
will also use the corresponding notations: 

OO 

Nilp(A4, Y; sm) = Nilp(A4, Y; sm, k) 

K —1 

for the set of sm x sm matrices nilpotent about Y, and 

CXD 

Nilp(A4, Y) = Nilp(A4, Y; sm) 

m—1 

for the set of nilpotent matrices about Y. 
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Notice that Nilp(A4, Y) C ^nc is a right admissible nc set, and Nilp(7V(, y)sm = 
Nilp(A^, Y ; sm). 

A nc function on Nilp(Ad, F) is a sum of its TT series. 

Theorem 1.5. [T31 Theorem 5.6] Let Y G and let f: Nilp(Ad,T) —>• A/kc be 

a nc function. Then for all X G Nilp(Ad, Y ; sm) 

(1.14) f{x) = ..., n 

£—0 '' 

^+1 times 


where the sum has finitely many nonzero terms. 

It follows from [T31 Theorem 5.6] that f{X) G Nilp(A/’, /(T)) for X G Nilp(Ad, Y). 
Our main results in the setting of nilpotent matrices are the following two the¬ 
orems. 

Theorem 1.6 (Implicit nc function theorem). Let A4, J\f, and O be modules over 
a commutative ring TZ, and X° G Al®^®, Y^ G Af®^® for s G N. Let F: Nilp(A( x 
Af, (A*^,y*^)) —^ One be a nc function satisfying the following conditions: 

1. F(X°,Y°) = 0. 

S. A]^F((A°, F°), (A°, T°)) G Hom(A"®^®, O®^®) is invertible. Here 
A^F{{X°, Y°), (A°, y°))(Z) := AflF((A°, y°), (A°, r°))(0, Z). 


Then: 

1. There exists a nc function f: Nilp(Al,A°) Nilp(A/', T°) C A^nc such 
that 

(a) X G Nilp(Al, X°) ^ (A, /(A)) G Nilp(Al x A", (A^, Y°)). 

(b) F(A,r) = 0 ^ Y = f{X). 

11. For any X G Nilp(Ad, A°), the linear mapping AKF((A, /(A)), (A, /(A))) 
is invertible, and 

Anf{X,X){Z) = -(a|;a((A,/(A)),(A,/(A))))“' 

■AiF[{X,f{X)),{X,fiX)))(Z), 

where A^F{{X, Y), (A, Y)){Z) AflA((A, A), (A, Y)){Z, 0). 

Theorem 1.7 (Inverse nc function theorem). Let Ai, Af be modules over a unital 
commutative ring TZ, and A° G A/”®^®. Let g: Nilp(A/’, A°) —>■ Alnc be a nc function 
such that AjigiY^,Y'^) is invertible. Then: 

1. The mapping g: Nilp(A/', A°) Alnc is one-to-one and (;(Nilp(A/’, A°)) = 
Nilp(Al,A0). 

11. The inverse of g, f := g~^, is a nc function mapping Nilp(Ad, A°)) onto 
Nilp(A', Y°). 

III. Afig{f{X),f{X)) is invertible for every X G Nilp(A(, A°), and 


A«/(A,A)= (Afig(/(A),/(A))) 
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1.4. Remarks. Similar theorems have been proved by Pascoe m and by Agler 
and McCarthy [3]. In an inverse function theorem has been established for a 
nc function g on a general nc set closed under similarities under the assumption 
that Aug is invertible everywhere on VL. However, the conclusions are also global. 
The paper also includes an interesting free version of partial results on the Jacobi 
conjecture. In [3], implicit/inverse function theorems similar to our Theorems 11.31 
and ll.di have been proved in the setting of the finite-dimensional operator space 
and the proof uses an essentially finite-dimensional argument. However, the payoff 
is some additional insights in more concrete situations, e.g., an elegant result that 
in some generic sense two matrices satisfying a polynomial equation must commute. 
Finally, other versions of implicit/inverse function theorems in different nc settings 
appear in [24] and [26] . 


2. Proofs of the main results 
Proof of Theorem \1.3[ Let 

( \ — l(m) 

5^F{X\ yo j F{X, Y), m e N, {X, Y) e 

By m Corollary 7.28] there exists <5 > 0 such that F is uniformly analytic on 
Bnc{{X°,Y^),d). It is obvious that for a fixed m, and X G BnciX^,S)sm, the 
function gx is defined for every Y £ Bnc{Y^,S)s 7 n- Here 

Hnc((A°, y°), S),m = R„c(A0, 6),m X B{Y°, S),m. 

Clearly, Yx is a fixed point of gx if and only if F{X, Yx) = 0. 

We will show that there exists a positive number 7 < J such that for any 
X G i 3 nc(A°, 7 ) the mapping gx of the ball Rnc(L"°, 7 )smx iato y^'^^xxsmx jg 
tractive with the coefficient not exceeding i (here mx is the size of A). By [131 The¬ 
orem 7.51, Theorem 7.53], and the paragraph following the proof of [131 Theorem 
7.53], we have that 6'^F is continuous on i?nc((A°, y°), J) and that 5^F{X,Y) G 
^ ior BYerj {X,Y) G Hnc((A°, pO), J). Next, 

let m G N, X G i?nc(X°, 5). Then for every Y G B^ciY^, J) we have: 

5gx{Y) = Iy- (^S^FiX°,Y°)y^^^^S^F{X,Y). 

We rewrite the last expression as 

S^F{X°, Y°)j yO) W - S^F{X, Y)j . 

We have 


” 0 ^ 

0 

0 

1 

= sup 

0 

0 

1 





C{Z’>'‘X.ky,kXBk^i 


Hence 


condition y°)^ G implies 

y°)) <M, 


( 2 . 2 ) 




^ysmxs' 
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-l(m) 


where M := (^6^F{X'^,Y^)j 

S^F{X°, - d^F{X, Y) 

< M 

We notice that 


< oo. Second, we estimate 


X sm ^ysmXsm^ 


S^F{X°, - S^F{X, Y) 






and 




Since S'^F is continuous at (X°,y°), there exists 7 , 0 < 7 < (5, such that for any 
{X,Y) € Bnc{{X°,Y°),"f), we have 


(2.3) S^F{X°, y0)(™(x.y)) _ S^F{X, Y) 


£(3;®"*(x,y) ^ 

1 

- 


ll'^5A(h^)||£(j;«™(X,V)X®™(X,V)) ^ ^ 2M ~ 2 


Now using (12.21) and (lO) . we obtain 

(2.4) 

for any {X,Y) G Bnc((X^,Y^),'y). From now on, we assume that 

(X,Y)GBnc((X°,Y°),j), 

so that (12.41) holds. 

Next, using (12.41) and the mean value theorem for functions in Banach spaces 
[TS], for any m eN,X e Bnc(W°, 7 )^^ and any Yi, F 2 S Bnc(Y°, 7 )^™, we have 


\\9x{Yi) - gx{Y2)\\srn 

< sup \\5gx{Y,+tiY,-Y2mciy‘^xs^)\\Yi-Y2\\sm 

0<t<l 

< sup ||<55x(Y)||£(y.,„x«™) IlYi - YalL^- 

YGB„c(Y0.7).„ 

Thus, by (12.4|) . we derive 

(2.5) \\gx{Yi) - 9 x{Y2)\1^ < ^ ||Yi - Y^l^ . 

Here we used the convexity of B^dY^ ,'-f)sm, so that the segment (^ 1 ,^ 2 ) lies in 
Bnc{Y°,y)sm- Hence the mapping gx of the ball BnciY°,j)sm into is 

contractive with the coefficient ^ for any X G B^dX^,y)sm- However, gx may fail 
to map BndY°,^)sm into itself. 

The next step is to find a subset of i?nc(Y°, 7 )sm that is a complete metric space 
mapped by gx into itself for an appropriate choice of X. In fact, we will show that 
for any f3,0 < P < j, there exists a positive a < 7 such that for any X G BndX°, a), 
gx maps the closed ball BndY^, (3)smx into itself. The ball BndY^, P)smx ns a 
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closed subset of a Banach space y^^'^xxsmx jg complete. By assumption 1 of the 
theorem, = 0 , so we can write 

( 2 . 6 ) 

_ yO(mx) _ yO(mx)^^ ^ (^F{X, ^ . 

Then 

(2.7) gx{Y)-Y°^^’^^ 


< 


gx{Y) - 


By (H^, 

( 2 . 8 ) 


By dm) , we can write 
(2.9) g^(y0(’"^))-y0(™^) 

smx 


< - 

smx 2 


g^(yO(mx)) _ yO(mx) 

Y _ y"0(mx) 


< 


-1 


C{Z'‘"'XX‘’‘^X ^y‘xnx Xsmx ) 

F(X, F'’^’"^^) 

By assumption 2 of the theorem, F is continuous at (X°,F°).That is, for any 
positive /3 < 7 , there exists a positive a < 7 such that for any X G i?nc(^°, a) one 
has 


( 2 . 10 ) 


F{X, yO(mx)^ 


smx 2Tf 


Then by dH]), dH]) and (ICTil) . 


( 2 . 11 ) 


g^(yO(mx)) _ yO(mx) 


smx ^ 


yO(mx) 

1 

< - 

Y — y^O(mx) 


smx ^ 



Thus if X G i3„c(X°, a)smx and F G Bnc{Y^, f])emx ^ it follows from (12.7|) . 
and ( 12 . 111 ) that 

+ 1^/3 < + :^/3 = /3- 

smx Z Z Z 

Therefore 

( 2 . 12 ) gxiBnoiY°,P)smx) C BnciY°,P)smx- 

In fact, we obtained that 

gx{Bno{Y°,P) 

smx )cB„,(FO,/3) 

smx ■ 

By the classical contraction mapping principle, it follows that for any X G BndX^, a), 
there exists a unique Y = Yx '■= f{X) G Bnc{Y°, I3)smx that is a fixed point of the 
mapping 

gx: Bnc{Y°,p) smx ^BnciY°,(3) 

smx * 

Conclusions / and Ila follow immediately. We only need to show that / is a nc 
function, i.e., respects direct sums and similarities. 
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First we prove that / respects direct sums, i.e., for X',X" € Bnc{X^,a), 
f(X' ®x") = f{X')®f{X"). 

We have gx'{Yx’) = Yx' e , gx”{Yx”) = Yx” e 

and 

(2.13) gX'®X"{Yx'(SX") =Yx’(SX", Ix'eA" G Snc(l^°, iy)mx-+mx„ • 

Now, by the definition of gx, 

gx’®x" (Yx> © Yx"'^ 

5^F(X°,y'’)j f(^X' (BX'\Yx' (BYx>'). 

Since f(x'©X',Yx'©1x") = f(^X',Yx’) ® f(^X," ,Yx") = 0 © 0 = 0, we have 

(2.14) S'x'ex" (Yx' © ©y") = Ix' © Yx"- 
Since the fixed point is unique, it follows from (12.131) and (12.141) 

Yx'^x" = Yx' © Ix", or f[x' © X") = f{X') © f{X"). 

Now we show that / respects similarities. Let X G Bnc(X^, a) and let S G 
jpsmx xsmx invertible and such that X := SXS~^ G Bnc(X^, a). Then for any 
c G F, we have 


■ x' o' 


■ I 

—cS 

' x' 

0 

' I cS ' 

0 X 


0 

I 

0 


0 I 


or equivalently, X G) X = Tc^X (B x'^T^ where 

T - [ ^ ’ 

" ■“ [ 0 / 

For c ^ 0 small enough, we have Tcf^X © X^Tp^ G Bnc(Y^,P). Then 

(x'©x,Tj(x'©x)r-i) cL!. 

Since 

f(x' © X,TJ(^X' © = f(t,(^x' © X^Tp\Tj(^x' © X^Tp^^ 

= Tci^(x'©x,/(x'©x))r-i = 0, 

by the part proved earlier, we must have Tcf{X © X)Tf^ = f{X © X). Using 
f{X' © X) = f{X') © f{X), we obtain 

Tc{f{x') © /(x))r-i = fix') © fix), 

or equivalently, 


'I -cS ' 

■ fix’) 

0 

' I cS ' 


■ fix’) 0 

0 / 

0 

fix) _ 

0 / 


0 fix) 
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The left-hand side is equal to 

' f{X') c{fix')S-Sf{X))' 

. 0 fix) 

Hence fix')S = SfiX), i.e., /(SXS-^) = /{x') = SfiX)S-^ as required. 

To prove conclusion lib, we observe that f{B^c{X^,a)) C implies 

||/(-^)|| < ll^°ll + P for any X £ B^ciX°,a). By [T31 Corollary 7.28], / is bounded 
on BnciX^,a) if and only if / is uniformly analytic on B^dX^,a). 

Next we prove conclusion III. We have that F{X, f{X)) = 0 for every X £ 
B^dX^, a). By [131 Theorem 7.51 and Theorem 7.53], the derivatives of F exist 
and moreover they are continuous on 

B^dX°,a) X B^dY°,P) C Hnc((X'’,r°), J). 

In particular, and 6^F are continuous, 

6^ Fix Y) £ xsm(x,y) 2 ^sm(x,Y)Xsrrnx,Y)^ 


and 


Fix Y) Q ^^’T^(x,Y)Xsm(x,Y)'^ 


for every iX,Y) £ B^dX^,a) x B^dY^,P). Using the chain rule we obtain 
S^FiX, fix)) + 6^ Fix, FiX))i6fiX)) = 0. 


Making /3 (and hence the corresponding a) smaller if necessary, we can make 
5^FiX,Y) invertible on B^d^^i^) ^ 5nc(U°,/l), with a completely bounded in¬ 
verse. Then 

8 fix) = -(8^ Fix, fix)))'" 5^ Fix, fiX)) 

as required. 

□ 


Proof of Theorem \n\ Let 

OO 

n :=l[ (T-"X- X nl) ezixx y)n,. 

n—1 

Consider the function F: H —>■ TTic, FiX,Y) = giY) — X. Denote X^ = giY^). 
By the construction of F, F(X°, y°) = g(y°) —= 0, and F is uniformly analytic 
on n. 8^FiX°,Yd = SgiYd is invertible, and i8^FiX°,Yd)~^ = i8giY°))~^ e 
Thus all the assumptions of Theorem 11.31 hold for F, and we 
obtain the following conclusions: 

• There exist a > 0, /3 > 0 such that for any m £ N, 

BnciX , cdsm X BndY°,l3)sm C nsm. 

• There exists a nc function /: B^d^^^ct) 7?nc(U°,/3), such that for 

iX,Y) £ BUXda)sm X B^dY°,l3)sm, 

iFiX,Y) = 0) ^ iY = fiX)). 

• 8^FiX,Y) has a completely bounded inverse on B^dX^^a) x B^c{Y^,l3) 
for every m £ N. 

• / is uniformly analytic on BadX^,a) with 

8 fix) = -(8^ Fix, fix)))'" 8^ Fix, fix)). 
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We now prove that / is the inverse function for g, and that 
Since F{X,Y) = g(Y) - X, 


Sf{X) = [Sg{f{X))) 


F{X, f{Xj) = 0 ^ F{X, f{X)) = gifiX)) -X = 0^ g{f{X)) = X. 


Next, we have 


5f{X) = -[s^FiXJ{X))y"s^F{X,f{X)) 

= -(<5^F(X,/(X)))“'(-id„x.™,) = (^Sg{f{X))y\ 

Set r = A = /(r) C Bnc(Y^,P). Clearly, / : F —>• A is a surjection. 

Since g{f{X)) = X for every X S F, / is also an injection. And since / is uniformly 
analytic, / is continuous. We also have that f~^ = g\A is continuous. Thus 
^Ia : a —>■ F is a homeomorphism, and A is a uniformly open nc set. □ 


Lemma 2.1. In the assumptions of Theorem, M.fA for any {X^,Y^), £ 

Nilp(Al X A/”, (A°, y°)), the operator A'^F{{X^,Y^),{X'^,Y'^)) is invertible. 


Proof. First we observe that for any (A^, F^), (A^, F^) £ Nilp(Ad x A/”, (A°, F°)), 


and 


are jointly nilpotent about (A°,F°). 


AlF{{X\Y^),{X^Y^)){Z) = F 

oo 

= E 


Ai 0 
0 A 2 


Fi F 
0 F 2 


(F2) 


e=i 


Ai - A°(™) 0 

0 X‘^-X°<~^'> 


yl _ yO(m) ^ 

0 F^ — 


03^' 


(F2) 


X A^«F((A^F"),(A^F‘^)) 

OO l—\ 

= FA]Jf((AO,FO),(A°,F°)) + EE(^^ _ yl _ y0(m)^©3j ^ 

t.=\ j=0 

0s (A^ - F^ - A^+1 f((A°, F°), (A°, F°)) 


(aKa((A°,FO),(AO,FO))) ™ ((id + A)(F)), 


where 


OO £—1 

_ A0(m), f1 _f 0(™) jS'-J o^ZOs (A^ - A°("'), F^ 

e=i j=o 

X yiF{{X°, F°), (A°, F°))) ~\^+^F{{X°, F°), (A°, F°)). 

The linear operator N is nilpotent, i.e., N'^ = 0 for some 7 £ N. Therefore the 
operator id + A is invertible. Thus the operator A^F((A^,F^), (A^,F^)) is in¬ 
vertible. □ 


Proof of Theorem \1.6\ For every m, k £ N and A £ Nilp(Ad, A°; sm, k), we define 
the set 

Tx ■■= {Y £ : (A, F) £ Nilp(Ad x Af, (A°, F°), k'), for some k'> n} . 
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Notice that Tx C Nilp(7V", k') for some k' > n. We also define the mapping 
gx-'^x ^ Tx by 

( \ —l(m) 

AlF{{X°,Y°),{X°,Y°j)) F{X,Y). 

We now show that gx is well defined, i.e., gxiY) & Tx for Y G Tx- Indeed, since 
Y G Tx implies that {X, Y) G Nilp(A^ x W, (X°, F°); k') for some k' > k, it suffices 
to show that 

Using the TT formula 


F{x,Y) = 

K —1 

+ '^{X - X°^"^\y - Y°), {X°, Y°)), 

e=i 


we obtain 


, ©sk' 


_ ^o(m) ^ ^x (y) - y' 

= y — y^i™) — y°*-™^))^ 

k' — 1 

X ^ (A - A°(™\y - y°(’"))®'’^A^F((A°,y°), (a°, y° 

k' — 1 

— ^A — A°^™\ y — y°(™) — E(^ _ y — y°('"))^ 

e=i 

X (A]^y((AO,yO),(A°,y°)))''A^^F((AO,yO),(A°,yO)))"'“" =o. 


0bk' 

\ese 

, QeF 


since 

(^X — y — yol™))®*™ = 0 

for every word w in two letters gi , g 2 of length k' or greater. Here for w = gi^ ... gi^. 
we define 

(a - ao(™), y - yo(-))= (a,, - 0. • • • 0.(w, - ’ 

where 

X _ yOim) j X - X°(^\ ifz = l 

* * ■ |y-yoM, ifi = 2. 

The TT formula also implies that F{X, Y) G Nilp(Cl; sm, k!) for (A, y) G Nilp(Ad x 

N, (XO,yO);STO,K')- 

Now we prove that for every m, r G N and X G Nilp(AI, sm, k), there exists 
y G Tx such that F{X,Y) = 0. We define a sequence 

y[0] ^ yO(m)^ y[fc+l] ^ ^^(yW), fc = 0, 1, . . . , 


and claim that 

(2.16) y['=+il - y['=l = {X - A°(’"))®»'=+Vfc+i + higher order terms. 



16 


G. ABDUVALIEVA AND D.S. KALIUZHNYI-VERBOVETSKYI 


where fk+i S and is extended to 

Horn (A"®^®)™^™) 

by /fc+i(A) = [/fe+i(ay)]ij^i„„^™- 

We apply induction on k. Note that (A, is in Nilp(AlxA/’, (A°, Y°); sm, k) 

since (A--FO^) = (A - A^^"*), 0)- We first show that (j^l^ holds 
for fc = 0. Using (12.1511 and the TT formula for A( •, UOl'")), we obtain 


(2.17) yW _y[0] = A(A,F°(™)) 

= - ^(A-A°('"))®'=^(a^F((A°, r°), (A°, F'’))) ^ V((A°, F°), (A'’, F°)) 


f=i 


= -(A - A°(™)) (^A^F((A°, F°), (A°, F°))) ^ A;^ A((A°, F°), (A°, F°)) 

+ higher order terms 

= (A — A°^™^)/i + higher order terms. 

Let 1)2.16p be true for all powers 0,1; ■ ■ ■; ^ “ 1; where k € N. Using ()2.15l) and 
the TT formula for F(A, F^^l), we obtain 


y[fc+i] _yW\ — — ^A]^F((A°*'’”\ F®*-™^), (A®*'’”^ F®*-’”^))^ ^F(A,F[^1) 
= - (a^F((A°(’”) , F°(™) ), (AO^™) , F°(™)))) 

oo 

X ^(A-A°(™),F['=1 -F°(™))®«^A^F((A°,F°),(A°,F°)) 

i=i 

oo 

_ _ ^^(A — — y0(m)^©s^ 

fci 

X (a^A((AO, FO), (AO, FO))) ■'A^^F((a0, F^), (A^, F^)) 

= summands with powers not involving (F^^l — 

+ summands with powers involving (F^^^ — 


= -E(^ _ j^0{m) y[fe —1] _ ^0(m)^©s.f 
e=i 

X (a];f((a°, F°), (A°, F°))) ■'A1f((A°, F°), (A°, F°)) 

_ _ y[fc-i]) _|_ higher order terms 

.^A)^F((A°*'"*\F°^™^), (A°*'"*\F°*-"*^))^ F(A,— (F^^l 
+ (A - A°('"))®'’'=+Vfe+i + higher order terms 

= (A - A°('"))®'’'=+Vfe+i + higher order terms. 


Note that all the sums have finitely many nonzero terms. 
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It follows from (l2l6l) that - ^['=1 € Nilp (Af;sm, In particular, 

yM _ y[«-i] e Nilp(A/'; sm, 1), i.e., = 0, and thus F{X, = 0. 

Now define/(X) := Obviously, € Nilp(AI xAf, (X°, F°); sm) 

so /(Nilp(AI, sm)) C Nilp(Af, F°; sm). Thus, for each X € Nilp(AI,X°) there 
exists F(= f{X)) € Tx such that F{X,Y) = 0. 

Next we show that the solution of F{X,Y) = 0 for each X € Nilp(A4,X°) is 
unique. Moreover, if {X,Y), {X,Y') G Nilp(Ad x AT, (X°, F°); sm) are such that 
F(X, Y) = F{X, Y'), then we have Y = Y'. By [T31 Theorem 2.10]) (cf. (11.81) ') 

0 = F{X, Y) - Fix, Y') = AlFiiX, Y'), (X, F))(r - Y'). 

By Lemma [2Tl the operator A'^F{{X,Y'), iX,Y)) is invertible, hence Y = Y'. 

We have proved that for each X G NilplAd, Ar°) there exists a unique Y (= fiX)) 
G Tx such that FiX, Y) = 0. 

We prove now that /: Nilp(A4,Al°) ^ Nilp(A/’, F°) is a nc function. Let X G 
Nilp(Ad, sm), X G Nilp(Ad, sm), and S G be such that SX = 

XS. Then we have (X, /(X)) G Nilp(Ad xAf, iX°, Y°y, sm), (X, /(X)) G Nilp(Ad x 
M, (X°,F°); sm). Applying [T31 Theorem 2.11], we obtain 

SFiX,fiX))-FiX,fiX))S 

= AnFiiX, fix)), iX, fiX))iSiX, /(X)) - (X, fiX))S) 

= A^FiiX, fix)), (X, fiX))iSX - XS) 

+ A^FiiX, fiX)), (X, fiX))iSfiX) - fiX)S) 

= AlFiiX, fix)), (X, fiX))iSfiX) - fiX)S). 
Since the left-hand side is 0 and by Lemma [2.II the operator 

AlFiiX,fiX)),iX,fix)) 

is invertible, we obtain that S'/(X) — fiX)S = 0, i.e., / respects intertwinings. 
Thus we have proved conclusion I. 

Finally, we prove conclusion II. If X G Nilp(Ad, X°; sm, /c), then (X,/(X)) G 
Nilp(AdxA/’, (X°, F°); sm, k). We also observe that ^] G Nilp(Ad, X°; 2sm, k-|- 
1) for an arbitrary Z G Hence 


X 

z 

0 

X 

X 

z 

0 

X 


,/ 


X 

0 



/(X) Afl/(X,X)(Z) 

0 fix) 


G Nilp(AdxA/', (X°, F°); 2sm, k-I-1). 


By part I, 


Therefore 


0 = F 


X Z 
0 X 


fix) AnfiX,X)iZ) 

0 fix) 


0 = F 


X 

0 


Z 

X 


fix) Afl/(X,X)(Z) 

0 fix) 


( 1 . 2 ) 


= AflF((X, fix)), (X, /(X))) (Z, AnfiX, X)(Z)) 


= Af f((X, fix)), (X, /(X))) (Z)H-A^f((X, /(X)), (X, fix))) iAnfiX, X)(Z)). 




















18 


G. ABDUVALIEVA AND D.S. KALIUZHNYI-VERBOVETSKYI 


Since fiX)), {X, f{X))^ is invertible by Lemma \TT[ we obtain 

ARfiX,X)iZ) = 

- [aIF{{X, f{X)), {X, f{X)))) ~\^f(^{X, f{X)), {X, f{X))) iZ). 

□ 

Proof of Theorem \1.7\ Denote = g{Y'^). Consider the function F{X,Y) = 
g(Y) — X. Then by the construction, we have 

• F-. Nilp(Ad X A/',(XO,yO)) 

• F{X°,Y°) = 0, 

• is a nc function, and y°), (A°, F°)) = Afig(Y^, F°) is invert¬ 

ible. 

Thus all the assumptions of Theorem II .61 hold, and we obtain the following conclu¬ 
sions: 

• There exists a nc function /: Nilp(Ad,X°) Nilp(A/’, T°) C A/^c such 
that X e Nilp(Ad, XO) if and only if (X, /(X)) e Nilp(Xl x A/", (X^, XO)), 
and Y = /(X) if and only if F(X, Y) = 0. 

• For any X e Nilp(Ad,X°), the operator A)JX((X,/(X)), (X,/(X))) is 
invertible, and 

(2.18) A^j/(X,X)(Z) 

= - [a^f{{x, fix)), (X, fix)))) ~\^FiiX, fix)), (X, fiX)))iZ). 

If gfY^) = gfY^), then giY^) — giY"^) = AngiY^,Y^){Y^ — Y^) for any Y^ and 
G Nilp(A/’, X°; sm) for some m. By Lemma [2.11 the operator A^giY^,Y^) = 
A)^X^(X°("‘\ X^), X^)^ is invertible. Therefore, X^ = X^. This means 

that g is one-to-one. 

Now from 0 = F(X,X) = ^(X) — X, we have g(^fiX)) = X for every X G 
Nilp(Ad,X°). Hence Nilp(A/’,X°)^ A Nilp(A4,X°). By [131 Remark 5.7], we 
also have the inclusion “C”, so that 5 ^Nilp(A/', X°)^ = Nilp(Al,X°). 

We haveg^/(X)^ = X for every X G Nilp(Al, X°). Also, given X G Nilp(A/’, X°), 

we have gifigiY))) = g(Y). Since g is one-to-one, it follows that X = f(^giY)). 
Thus f = g~^. 

By Lemma [All Aiig{Y,Y) = A)^X^(X, X), (X, X)^ is invertible, where X G 

Nilp(Ad,X°) is arbitrary. Therefore A/{g(/(X),/(X)) is invertible for every X G 
Nilp(A/l,X0), and 

AnfiX,X) = -(^AlFiiX,fiX)),iX,fiX))))~\^F(^iX,fiX)),iX,fiX))) 

= - [aIfux, fix)), (X, fix))) ~\-id) = [aIfux, fix)), (x, fix))) 

= (a^5(/(^),/(^)))~'- 


The proof is complete. 


□ 
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3. Applications 

3.1. Initial value problems for ODEs in nc spaces. In our earlier paper [1], we 
obtained a nc version of the Banach contraction mapping theorem and then applied 
it to obtain a theorem on the existence and uniqueness of the solution of the initial 
value problem for ODEs of the form Y = g{t, Y) in nc spaces. The right-hand side 
g was assumed to be a nc function of Y for every fixed f e K and satisfied a global 
Lipschitz condition. Consequently, the solution is also globally defined and having 
a certain direct-sum structure when the initial condition has a similar structure. 
In this section, we obtain a complementary result using the implicit nc function 
theorem. The global Lipschitz condition on g is now replaced by the assumption 
of continuity of its Gateaux derivative. Then the existence and uniqueness of the 
local solution of the initial value problem is established. Moreover, we show that 
the solution is a uniformly analytic nc function of the initial data. 

Theorem 3.1. Let I be an interval in K. and to an interior point of I. Let X be 
a (real or eomplex) operator spaee, T C X^c a uniformly open nc set, s S N, and 
G Tg. Suppose that g: I x T —> X^c is a eontinuous mapping with respeet to 
the uniformly-open topology on X^c, its G-derivative Sg is eontinuous in the norm 
II ■ ll£cb('T'’X '')7 that g(t, •): r —>■ X^c is a nc function for every fixed t € X. Then 

there exist (5 > 0 with [to — to + C X, a > 0, and a uniformly analytie nc 

function 

(3.1) /: ^ C\[to - S,to + 

such that, for every X S BnciX^,a), Y = f{X) is a unique solution of the initial 
value problem for the ODE 

(3.2) Y = g{t,Y), r(to)=A. 

Here C^{[to — d,to 5], A®^'*) is an operator space of X^^"^-valued continuously 
differentiable functions on [tg — i5, to -I- <5] with respect to the sequence of norms 

||y||gm = max{||y||oo, Halloo}, m = 1,2,..., 

where 

||r||oo = max ||r(t)||g^ 

[to— 

and similarly for ||T||oo- 

Proof. By the Cauchy theorem on the existence and uniqueness of the solution of 
the initial value problem for an ODE (see, e.g., [5J Theorem 10.4.5]), for X — A°, 
there exists (5 > 0 with [tg — i5, tg -I- <5] C X and a unique solution Y = T® of the 
problem (|3.2I) with the values in Tg and such that S ([tg — <5, tg -|-15], A®^®). 

Let A consist of functions from G^([to — i5, tg -|- <5], A’®^®)iic with values in T. 
Clearly, Y^ G A. Since T is a nc set, so is A. We will show next that A is uniformly 
open. Let E, G Ag,. for some r G N. The function E* is continuous, therefore the 
set E*([tg — (5, tg -I- i5]) is a compact subset of Tg,.. For every t € [to — 6, tg -I- i5], let 
£( > 0 be such that i3nc(E*(t), et) C T. In particular, B^c{X*{t),et)sr C Tg^. The 
balls B^c{Y*{t),et)sri t G [tg — 5, tg -I- (5], cover the compact set E*([tg — i5, tg -|- i5]). 
Let ti,..., tfe G [tg — 6,to-\- (5] be such that the balls i3nc(E*(ti), ctjsr, t = 1,..., fc, 
form a finite sub-cover of E*([tg — 5, tg -|-15]). Then, for every t G [tg — S, tg -|- i5], one 
has 

max (et, - ||E,(t) - E,(L)||gr) > 0. 
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Since the left-hand side of this inequality is continuous in t, we have that 
■= min max (e*, - ||F*(<) - h"*(ti)||sr) > 0. 

Let Y G -Bnc(L"*,/i)srm for some m G N. Then we have that, for every t G [to — 
(5, to + ^], there is t G {1,..., fc} such that 

l|r(t) _ < ||y - 


Then 

||r(t)-ri™)(t. 


<eu-\\Y,it)-Y,iU) 

< \\Y{t) - yi™^(t)|U™ + ||yi’”Ht) - Yj^\u)\Urm 


= \\Yit) - Yj"^\t)\\srm + ||>;(t) - Y^U) 


< 


i.e., F(t) G Cti) ^ r. Thus F* has a neighborhood B^ciY*,fJ') contained 

in A, so that A is a uniformly open nc set. 

Let 


— y y (Lsrn ^ ^sm)- 


m—1 


Clearly, ft is a uniformly open nc set in x C^{[to — d, to -I- <5], d::’'*^®))nc, and 

F: fi^Ci([to-d,to + <5],F^>^^)nc 

defined by 

[Fix, y)](t) := F(t) -X- f g{T, ^(t)) dr 

Jtn 


is a continuous nc function. We note that (13.211 is equivalent to F{X, F) = 0. Since 
5"*'g is continuous on [to — 5, to -|- d] x A in the cb-norm, we can write 

[5^Fix, F)(Z)](t) = Zit) - f S^gir, F(r))(Z(r)) dr. 

Jto 

Clearly, 5"*'F is cb-continuous on ft and, in fact, independent of X. 

Our goal now is to show that (5^F(A°,F°) G £cb(‘F^^®) is invertible and its 
inverse is completely bounded, i.e., (d^F(A°,F°))“^ G £cb(‘F®^'’). Given any 
m G N and G G (^^([to — d, to -I- there exists a unique solution Z G 

G^ ([to — (5, to -I- d], F®™ ^ ) of the equation 

(3.3) 6^FiX°, F°)(™) iZ) = G, 

since (13.31) is equivalent to the initial value problem for the linear ODE 

(3.4) Zit) - S^git,Y°it))^"^\zit)) = Git), Z(to) = G(to), 

and the latter has a unique solution on [to — <5, to -I- <5]; see, e.g., [51 Theorem 10.6.3]. 
Since the bounded operator d^F(A°, F°)('") is invertible, its inverse 


(d^F(A°,F°)(’”))-i = ((d^F(A°,F°))-i) 


(m) 
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is bounded as well by the Banach open mapping theorem. We are going now to 
estimate its norm. If (j3.,ip holds, then 


ll^’lloo < IIGIloo + max 


(5^5(T,r(r))M(Z(r))dr 


'to 


<||G'||oo + (5 max ||(5 g{t,Y{t))\\c,^^_vsxs)\\Z\\ 

t^[to — d,to-\-d\ 


Making 6 smaller if necessary, so that 


we obtain that 


K := max \\d^g{t,Y{t))\\c,^(^x-^-) < t, 


|Z|, < < IIGII. 


1 — k(5 1 — kS 

Using this estimate, we obtain from (13.41) that 


1 — kS + K 


1 — kS 
1 1 — kS + K 


Halloo <||G|U + «||^||oo<(i + y^)||G'II 

Therefore 

\\Z\\,m = max{||Z|loo, Halloo} < max|^ ^ 

If, moreover, 5 < I, then we obtain the inequality 


l|G||. 


I l|G||sm- 


i.e., 

Since the right-hand side is independent of m, the operator is 

completely bounded and 

Now, as we fixed S with the additional properties above, all the assumptions 
of Theorem oi on the nc function F are satisfied, and then its conclusions I and 
II guarantee the existence of a uniformly analytic nc function / as in m which 
assigns to every initial data X G B^dX^, a) the unique solution Y of (13.2p . □ 


3.2. Extremal problems with nc constraints. In this section, we discuss ex¬ 
tremal problems in nc spaces with the constraints determined by nc functions. We 
use the implicit nc function theorem to reduce the problem to certain equations 
which give the necessary conditions for the constrained extremum. In the case 
where the underlying nc spaces are over finite-dimensional vector spaces, we ob¬ 
tain the equations with Lagrange multipliers. Since these extremal problems are 
over matrices of infinitely many sizes, the results are somewhat different from the 
classical (commutative) case. 

Let X and y be operator spaces over R [22]. Let Q, Q {X x 3^)nc be a uniformly 
open nc set, and let a function g: il satisfy 

(3.5) g(X^™\ F^™^) = g{X, Y) for every X,Y Gfl and m G N. 
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Let W be a real operator space and G: —?■ Wnc a nc function. Let r: Wnc R 

satisfy 

(3.6) = t{W) for every W € Wnc and m € N. 

Then g = t o G: 17—satisfies ()3.5I1 . One example of such t is given by 
T{W) = \\W\\n, WeW"^", nGN. 

Another example is a normalized trace on Wnc, defined as an arbitrary bounded 
linear functional on W and then extended to square matrices over W by 

1 1 ” 

(3.7) t(IT) :=-trace(r(”)(W)) =-V r(W',,), W = G W”^”, n G N. 

n n 

Indeed, given W = [Wa] G we have 


) = ^ trace ()) 
sm V / 


sm 


1 

=-- m 

sm 


i=l 


t{W). 


Let Z be a real operator space and A: 17 —)■ Znc a nc function. We will say that 
(A'^W*^) S ills a. point of eonstrained (local) maximum for g ii g{X^ ,Y^) ff(^W) 
for every {X,Y) from some nc ball i3nc((A°, y°)) e) ^ ^ subject to the constraint 
F{X, Y) = 0. 

Suppose s G N, (A°,F°) G 17^ is a point of constrained maximum for g, and 
slosm is G-differentiable at for every m G N. We also assume that F 

satisfies the assumptions of Theorem II.31 for the point (A°, y°). Then by Theorem 
11.31 there exist a,/3 > 0 such that i?(A°(™i,a) x (3) C 17^^ for every 

m G N and a uniformly analytic nc function /: i3nc(A°,a) i3nc(A°,/3) so that 
F{X, Y) = 0 if and only if A = /(A). Then A° is a point of unconstrained local 
maximum of the function $: Bnc{X^, a) —>■ R defined by 


<i>(A)=5(A,/(A)). 

Restricting $ to Bnc{X°, a)sm = B{X^^"^\a), m = 1, 2,..., we obtain a sequence 
of necessary conditions for the extremum of $: 

<5$(X°(™i) =0, m G N. 

Taking into account conclusion III of Theorem 11.31 we can write 


0 = d$(A°(’”)) = d^c,(A°i™i,y°(™i) +d^5(A°(’"),F°(’”))d/(A°(’")) 

= (5^g(A°(™i, ) - d^5(A°(’”), ) 

In the special case of g = t o G, where G: 17 —Wnc is a nc function which is 
G-differentiable at (A°, A°) and r is a normalized trace on Wnc, we have, for every 
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H = [H^i] e ^ ^smxsm^ 

^x^(^o(m)^yO(m))(^) ^ r{S^GiX°^^\Y°<-^'>){H)) = t{6^G{X°,Y°)^^\H)) 

^ m ^ m 

m m 

2=1 2=1 

and similarly for H = [H,i\ e ^ ysmxsm^ 

^y^(^0(m)^ yO(m))(_^) ^ F0W)(iJ)) = t((5^G(X°, Y^)^^\h)) 

^ m - m 

= -^r(<5^G(X0,r0)(iJ,,)) = -J2S^9{X^,Y^){H,,). 

m m 

2=1 2=1 

Then it follows that, in this special case, the sequence of the necessary conditions 
for the extremum above, with m = 1,2 ,..., is equivalent to the single necessary 
condition for m = 1 . 

We now summarize the discussion above in the following theorem. 

Theorem 3.2. Let s S N, let G fig be a point of constrained maximum 

for a function g: 17 —>■ R satisfying (13.51) . If the nc function F: H ^ that 
determines the constraint satisfies the assumptions of Theorem \1.S\ for the point 
and g\n^,n ts G-differentiable at ) for every m gN, then 

(3.8) 

yO(m)) ^ ((d^F(X°, Y°))-^6^F{X°, y°)) 

m G N. 


If, in addition, g = t o G, where G: Tl ^ Wnc is a nc function which is G- 
differentiable at and t is a normalized trace on Wnc, then the sequence of 

equations dSS is equivalent to the single equation 


(3.9) 5^g{X°, Y°) = d^<?(X°, Y^){5^F{X^, Y°))-H^F{X^, r°). 

We note that, in the special case of 5 = r o G that we singled out in Theorem 
o one can restrict the search for a point of constrained maximum to the critical 
points, i.e., those points (X°,y°) which solve (|3.9I) together with F{X^,Y^) = 0. 

We now stick to the special case of 5 = r o G above and assume that T = K“, 
y = Z = R**, and W is an arbitrary real operator space. We will show that the 
critical points in this case can be found by the method of Lagrange multipliers. 

We first consider the case where a point of constrained maximum is scalar, i.e., 
s = 1 and 

(tO, y°) = {x°, y°) G 17i C R“+^ 


Then F{x°,y°) can be identified with the invertible matrix 

and (13.91) is equivalent to the equations 

(3.10) 


dxi' 


y.y°) =i: i: 


dg 


dFk, 


j=i k=i 


dy. 


jk dxi 


y°)] G 


i = 1, 


hxb 


,a. 


dg 


Setting 


b 


0 ,,o 


■V 


.0 
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we can rewrite (I3.10p as 
dg 




dxi 


k=l 


dx 


On the other hand, for i = 1,..., 6, we have 


dg 


dF. 






b b 


dg 


dFk 


dyi 


j=i k=i 


dy. 


jk dyi 

d^ / 0 o\ dg / 0 om n 

= -^{x ,y ) - > -T—{x'^,y^)5^j = 0. 
dy^ ^ dyj 

Thus we obtain the full set of a + 26 equations for a constrained maximum, with 
a + 26 unknowns a;?, ..., x°, y?, ..., y^, Ai, ..., Afc: 

dg , n nx . X dFk , 0 0^ n -1 

2^ Afc-^(x^y") = 0, J = l,...,a, 

k=l 

b 


dx. 


dy. 


-{x° ,y°) + '^ Xk^^ix° ,y°) =0, j = 1 ,..., 6 , 


k=l 


dy, 


Fjix^,y)=Q, j = l,...,6. 


In the case of a constrained maximum at S Xlg with s > 1, a similar 

calculation gives the equations with matrices G k = 1,... ,b, and s x s 

matrix values of Fk{X°, y°) (i.e., (a + 26)s^ equations with (a + 26)s^ unknowns): 

b 


dg 


5(X,)a/3 

dg 

d{Yj)afj 


(X°, ^ trace 


dFk , vO 


{X^,Y^)\=0, 


fc=i 


(X°, T°) + ^ trace ^Afc 


d{Xi)o,p 

i ot^ [5 

dFk 


k=l 


d{Yj)ap 


(xo,yO) =0, 


j f 5 ■ • ■ 5 1; • ■ • 5 

{F^{X°,Y°))^p=0, j = l,...,6, a,d=l,...,s. 

In general, the search for a point of constrained maximum for g requires solving 
these equations for all matrix sizes s € M. Thus, for a problem at hand, an ad¬ 
ditional insight would be valuable in order to restrict the search to certain matrix 
sizes. 
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